DOUBLE CONSTRUCTION FOR CROSSED HOPF 
COALGEBRAS 



MARCO ZUNINO 



Abstract. We provide an analog of the Drinfeld quantum double construction 
in the context of crossed Hopf group coalgebras introduced by Turaev. We 
prove that, provided the base group is finite, the double of a semisimple crossed 
Hopf group coalgebra is both modular and unimodular. 
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Introduction 

Recently, Turaev jl9[ (see also Le and Turaev || and Virelizier ^3|) gen- 
eralized the notion of a TQFT and Reshetikhin- Turaev invariants to the case of 
3- manifolds endowed with a homotopy classes of maps to K (n, 1), where it is a 
group. One of the key points in is the notion of a crossed Hopf n-coalge- 
bra, here called a Turaev coalgebra or, briefly, a T-coalgebra (see Section |]). As 
one can use categories of representations of modular Hopf algebras to construct 
Reshetikhin- Turaev invariants of 3-manifolds, one can use categories of represen- 
tations of modular T-coalgebras to construct homotopy invariants of maps from 
3-manifolds to K(n, 1). Similarly, to construct Virelizier Hennings-like homotopy 
invariants p3| , we need a ribbon T-coalgebra H such that the neutral component 
Hi is unimodular p5[ . 

Roughly speaking, a T-coalgebra H is a family {H a } a£7T of algebras endowed 
with a comultiplication A a ^ : H a p — > H a ® Hp, a counit e : k — * Hi (where 1 is the 
neutral element of ir), and an antipode s a : H a — » H a -i. It is also required that 
H is endowed with a family of algebra isomorphisms tpg — tpp : H a — > Hp a p-i, the 
conjugation, compatible with the above structures and such that ipp 7 — ipp o ip^. 
When 7r = {1}, we recover the definition of a Hopf algebra. A T-coalgebra H is 
of finite type when every H a is finite-dimensional. H is totally-finite when the 
direct sum ©Q, e7r H a is finite-dimensional. A universal R-matrix and a twist 
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for a T-coalgebra H are, respectively, families R — {t( a ) ® C(j3) = Ra.p G ® 
^^}q/3sit anc ^ ^ = ^ a ^ -ffajaeir satisfying axioms that explicitly involve the 
conjugation (see, respectively, Sections ^ and |). H is modular when it is ribbon 
and its component Hi is modular (see Section 7]). Properties of T-coalgebras are 
studied in @. 

Starting from a finite-dimensional Hopf algebra i/, Drinfeld j| showed how to 
obtain a quasitriangular Hopf algebra D(H), the quantum double of H , such that 
the following conditions are satisfied (for details, see, e.g., ||). 

• There are embeddings of Hopf algebras i: H D(H) and j: _ff* cop «— > 
£>(#). 

• The linear map # ® £T cop ^ £>(#) <g> D{H) A D(if) is bijective, where 
ji is the multiplication in D(H). 

• The universal i?-matrix of D(H) is the image of the canonical element of 
H ® #* cop under the embedding % <g> j : H ® -ff* cop °-> ^(-ff) ® £>(#)■ 

In this paper we provide an a nalog of the quantum double for T-coalgebra H. 



We start (Section [5| Theorem |5.l| ) with an abstract definition of D(H), as a solution 
of a universal problem, analogous to the above definition of the standard quantum 
double. The notion of a T-coalgebra in not self-dual, i.e., given a T-coalgebra 
H = {-ffaj-QgTr, the family H* = {H^} a&7T does not have a natural structure of a 
T-coalgebra. However, when H is of finite type, we introduce a T-coalgebra H* tot , 
the inner dual of H , that, in many aspects, in particular in the construction of 
D(H), plays the role of a dual for H (see Section ||). The components of H* tat are 
all isomorphic as algebras. In particular, as a vector space, i/* tot = ©« e3r H% for 
any a G 7T. 



An explicit description of D{H) is given in Theorems 5.3 and 5.6. In particular, 



every component D a (H) of D(H) is, as a vector space, H a -i <E> @3 &w Hg. So 



m 



general, D(H) is of finite type if and only if H is totally-finite and, in that case, 
D(H) is also totally- finite. The product in D a (H) is obtained by setting 

(l Q -i © /) (ft ® s) = h ® / and 
(ft © e) (l a -i © /) - ft^-x) © (/, S ; 1 (/i' ( ';- 1 ))-^(/i' (a - l7Ct) )). 

for any / 6 /3(Ew i?^, and h G H a -i. When tt = {1}, we recover the standard 
definition of the quantum double of a Hopf algebra. We will see that both the 
product and the coproduct in D(H) explicitly depend on the conjugation (p of H. 

The quantum double D(H)oi a semisimple Hopf algebra H over a field of charac- 
teristic is both semisimple [R [ll| and modular || . Here we prove that the double 
D(H) of a semisimple T-coalgebra H over a field of characteristic is semisimple 
if and only if H is totally-finite, and, in that case, D(H) is also modular (Theo- 



rem 7T). The key point in the proof is that, when H is totally finite, it gives rise to 
a graded Hopf algebra = H a , the packed form of H . The Hopf algebras 

D(H p k) and (Z?(if)) pk are different, but it is always possible to embed Di{H) in 

-D(iJpk) as an algebra. 

Last section is devoted to the generalization of the Reshetikhin-Turaev ribbon 
construction. Given a quasitriangular Hopf algebra H , Reshetikhin and Turaev |l3|] 
embedded it into a ribbon Hopf algebra RT(_ff) that is a quotient of the polynomial 
algebra H[9]. Starting from a quasitriangular T-coalgebra H (not necessarily of 
finite type), we construct a ribbon T-coalgebra RT(iJ) such that, when it = {I}, 
we recover the Reshetikhin-Turaev construction for Hopf algebras. As a corollary, 
for any T-coalgebra H of finite type (but not necessarily totally-finite) , we obtain 
a ribbon T-coalgebra RT (£)(#)). 
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The quantum double and the ribbon extension have categorical counterparts ^, 
||, In 1 27 , we provide a generalization of these constructions. In particular, the 
generalization of the center construction (corresponding to the quantum double in 
the algebraic case) looks very natural and as the simplest way to adapt the standard 
construction to the crossed case. Both the definition of D(H) and the definition of 
RT(H) introduced here are coherent to the categorical constructions as we briefly 
explain. In the standard case, starting from a tensor category C, we obtain a braided 
tensor category Z(C) via the center construction j|. Now, take C = Rep(iJ), the 
category of representations of a finite-dimensional Hopf algebra H . Both Z(C) and 
Rep (£>(ii)) are canonically isomorphic to the category of Yetter-Drinfeld modules 
over H (see [[lO], ^4|). The corresponding result is still true when we consider a 
T-coalgebra H instead of an Hopf algebra, that is, also in the crossed case, we have 
a commutative diagram 



Rep (if) 

A 

Rep 

H 



Z(Rep{H)) YD (H) 



Rep (D (if)) 

Rep 



(where, of course, we also need to generalize the notions of a tensor category and of 
a Yetter-Drinfeld module) . Similar results are obtained for the ribbon construction. 

Acknowledgments. The author wants to thank his adviser V. Turaev for his 
stimulating and constructive direction in the research. The author also wants to 
thank A. Bruguieres, B. Enriquez, Ch. Kassel, H.J. Schneider, L. Vaincrman, and 
A. Virelizier for their useful remarks. 

The author was partially supported by the INdAM, Istituto Nazionale di 
Alta Matematica, Rome. 



1. T- COALGEBRAS 

We recall the notion of a T-coalgebra as in . T-coalgebras are a generalization 
of standard notion Hopf algebras (for a general reference to Hopf algebras, see JlT]. [Ij] 
or, for a modern introduction, |l5|). A generalization of the Heynemann-Sweedler 
notation [[17] is also provided. At the end of this section, we study some properties 
of the antipode of a T-coalgebra. 

BASIC definitions. Let k be a commutative field and let tt be a group. A T-coal- 
gebra H (over tt and k) is given by the following data. 

• For any a G tt, an associative k-algebra H a , called the a-th component 
of H . The multiplication is denoted [i a : H a (g> H a — > H a and the unit is 
denoted r/ a : k — > H a , with l a = rj a (l). 

• A family of algebra morphisms A = { A a _p : H a p — » H a ® Hp} a called 
comultiplication, that is coassociative in the sense that, for any a,/?, 7 E 7T, 
we have (H a <g A^) o A Q:/37 = (A aj p ® i? 7 ) o A a p n . 

• An algebra morphism e : H\ — > k, called counit, such that, for any a 6 it, 
we have (e ® H a ) o Ai, Q = Id and (H a ® e) o A Q| i = Id. 

• A set of algebra isomorphisms ip = : H a — > Hp a p-i } a „ gff called con- 
jugation. When not strictly necessary, the upper index will be omitted. We 
require that ip satisfies the following conditions. 

— ip is multiplicative, i.e., (ppotp^ = ipp^, for any /3, 7 £ tt. It follows that 
ip" = Id, for any a G tt. 

— ip is compatible with A, i.e, A 7Q , 7 -i <^ 7 = (<^ 7 <%> ¥? 7 ) A a> p, for 
any a, (3, 7 G tt. 



4 



MARCO ZUNINO 



— ip is compatible with e, i.e., e o ip 1 = e for any 7 G tt. 

• Finally, a set of k-linear morphisms s = {s a : — * _ff a -i} Qe7r , the an- 
tipode, such that, for any a G tt, 

(1) /i a O (s Q -l <X> i? Q ) O A Q -l :Q = lj a O £ = O (#a ® S a -l) O A QjCe -l. 

(The compatibility of the antipode with the conjugation isomorphisms is a con- 
sequence of the axioms.) In p0[ , a T-coalgebra is called a crossed group Hopf 
coalgebra. 

We say that H is of finite-type when any component H a (with a G tt) is a finite- 
dimensional k-vector space. We say that H is totally-finite when dim^ ® Q£7r -ff Q < 
00, i.e., when H is of finite-type and almost all the H a are zero. It was proved 
in [^2) that the antipode of a finite-type T-coalgebra is always bijective. 

We observe that the component Hi of a T-coalgebra if is a Hopf algebra in the 
usual sense. We also observe that, for tt — {1}, we recover the usual notion of a 
Hopf algebra. 

Example 1.1 (TH-coalgebras). Let Hi be a Hopf algebra, with comultiplication 
Ai, counit £1, and antipode s\, endowed with a group morphism 

tp 1 : n — > Aut(f/i) : an^, 

where Aut(-ffi) is the group of Hopf algebra automorphisms of Hi. We obtain a 
T-coalgebra H by setting (for any a, (3 G tt) H a = Hi as algebra, A„^ = Ai, 
e = £1, s a = Si, and (p^ — ip\ : H a — ► Hp a p-i. The T-coalgebra H is called the 
TH-coalgebra based on Hi (the H stand for Hopf, since H is also an Hopf algebra). 

Coopposite T-COALGEBRA. Let H be a T-coalgebra with invertible antipode. The 
coopposite T-coalgebra H cap is the T-coalgebra defined as follows. 

• For any a G tt, we set H^ p = H a -i as an algebra. 

• The comultiplication A cop is obtained by setting, for any a, (3 G tt, 

Ar« = (i?ri = A,:j ' 1 -°' 1 > ^> (gff/,-! = ht®h 



A cop has a counit e cop = e. 

• The antipode s oop is obtained by setting s c ° v = s~ : , for any a E n. 

• The conjugation <^ cop is obtained by setting y>J p = i/jg, for any f3 G 7r. 

In particular, when is a TH-coalgebra, 77 cop is the TH-coalgebra based on Hl° p . 
Heynemann-Sweedler notation. The coassociativity of H allows us to intro- 
duce an analog of the Heynemann-Sweedler notation, see |T^| . Given ai, . . . ,a n G tt 
and defining 

/ A ai ,a 2 --a„ ffl«>A cv , iQ;1 ... Qn 

I H„ 



CHl ,CK2 ,. ■ -,CX-n \ ^ 1 C*2 ■ ■ ■ CKr,, - L± OL\ ^<-> ±± OL2' ' 'OC-n 



Hi®H 2 ® H a3 ... an -> ■■■ -> H ai <g> # a2 ® • • • ® ff Q 
for any /i G H aict2 ... an we set 

Let M be a vector space over k and suppose that / : H ai x H a2 x • • • x H an — > M 
is a k-multilinear map. Let / denote the linear map H ai ® _ff Q2 ® • • • ® 77 Qn — > M 
induced by /. We introduce the notation 

For simplicity, we also suppress the subscript (pti) when oa = 1. 
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Properties of the antipode. Let H be a T-coalgebra and let A be an algebra 
with multiplication \ia and unit t\a- We define a convolution algebra Conv(iJ, A) 
(see p2| ) in the following way. As a vector space, Coiw(H, A) = ©^ e7r Homk(i?/3, A). 
The multiplication in Conv(iJ, A) is obtained by setting, for any f3\, 02 G 7T, 
/i e Hom k (7? /3l ,^), / 2 S Hom^f/^, A), and ft G Hp 1 p 2 , 

(fi*f2)(h)=f 1 (h' m )f i (h'{ fh) ). 

With this multiplication, Conv(£f, A) becomes an associative algebra. 

For any a G tt, we introduce the notation Conv Q (ff) = Conv(£f, H a ). It is 
clear that (|l|) is equivalent to say that s a -i is a two-sided inverse of the identity 
morphism of H a in the convolution algebra Conv Q (ff). Thus, we can reformulate 
the axiom for the antipode of H by requiring that, for any a G tt, the identity 
morphism of H a is invertible in Conv Q (_ff). This also proves that the antipode of 
a T-coalgebra is unique. 

Lemma 1.2. Let H be a T-coalgebra. The antipode s of H is both antimultiplicative 
and anticomultiplicative, i.e., 

(2) s a (hk) = s a (k)s a (h) 
for any a G tt, h,k£ H a , and 

(3) S a( h '( a )) ® S "{ h (P)) = ( S <*P( h ))" a -i) ® ( S «/3(^))' (/ 3-i) 

for any h G H a p. 

The proof can be obtained as in the standard case (i.e., for tt = {1}). 

2. T- algebras 

When we dualize the axioms of a T-coalgebra, we obtain the notion of a T-alge- 
bra. A T-algebra H can be equivalently described as a Hopf algebra endowed with 
a family of automorphisms, the packed form of H . In this section, we present both 
approaches. 

BASIC definitions. A T-algebra H is a family {(H a , A a , rj a )} aerr of k-coalgebras, 
endowed with the following data. 

• A family of coalgebra morphisms [i = {fJ. a .p '■ H a ®Hp — > H a p} a ,p e7r , called 
multiplication, that is associative, in the sense that, for any a, [3, 7 G tt, 

Given h G H a and k G Hp, with a,/3 G 7r, we set /i/c = /i a _p(h, k). With 
this notation, (^) can be simply rewritten as (hk)l = h(kl) for any h G H a , 
k G ifg, Z G H 1 and a, /3, 7 G 7r. 

• An algebra morphism r\ : k — > Hi, called unit, such that, if we set 1 = T}(1^), 
then, for any h G H a (with a G tt), we have lh = h = hi. 

• A set of coalgebra isomorphism i\> — {ipp: H a — > Hp a p-i } q ^ G;r , called 
conjugation. Also in this case, when not strictly necessary, the upper index 
will be omitted. We require that ^> satisfies the following conditions. 

— ip is multiplicative, i.e., for any a, /3, and 7 G tt, we have ippoip 7 = tppj. 
It follows that, for any a G 7T, we have V 1 " = Id. 

— -0 is compatible with fi, i.e, for any (3 G 7T, we have ipp(hk) = Tpp{h)ipp(k). 

— -0 is compatible with r\, i.e., for any /3 G tt, we have ^>/j(l) = 1. 

• Finally, a set of linear isomorphisms S — {S a : H a — > H a -i} aen , the an- 
tipode, such that, for any a G 7T, we have /j, a -i , a o (S a ® H a ) o A a = ?yoe Q = 

Ma, a -1 (#a ® ^a) A a- 

For any a G tt, the coalgebra i/ a is called the ct-th component of H . 
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Packed form of a T- algebra. Let H be a T- algebra. We define a Hopf algebra 
-ffpk, that we call the packed form of H , as follows. As a coalgebra, i? p k is the direct 
sum of the components of H. For any a G 7r, we denote by i a the inclusion of H a in 
-ffpk- The multiplication /i p k of 7? p k is the colimit, in the category of vector spaces, 
lim^ p^J^ap ° Ma,/9)j i- e -? the only k-linear map from _ff p k ® H pk to iJ p k such that 
the restriction on H a (gi Hp C if p k ® -ff P k coincides with /i a ,/3, 

H a ®Hpt > [H^»H S ) = (0^ 7 J (8 (©-H* J =H pk ®H pk 

The unit ?7 p k of i? p k is given by «i o tjh, i-e., l p k = 1 £ -Hi C if p k- Finally, 
the antipode 5 p k of H pk is given by the sum J2 a eir ^a- The Hopf algebra -ff p k is 
endowed with a group morphism ip: n — » Aut(H pk ): a i— > "0pk,a, where i/'pk.a = 

Conversely, let -fftot be a Hopf algebra with multiplication /^tot, unit 1, and 
antipode Stot, endowed with a group homomorphism (p to t '■ ^ — * Aut(_ff to t): a ► 
'Ptot.a- Suppose that the following conditions are satisfied. 

• There exists a family of sub-coalgebras {H a } a£7T of H to t such that H to t — 

©qGtt Ha- 

• i? Q • Hp C -ffa/3 for any a, /3 G 7r. 

• 1 G 

• For any a,/3 Git, Vtot,/8 sends i? Q C fltot to Hp a p-i C F t ot- 

• For any a G tt, we have Stot(H a ) = H a -i 

Then, we obtain, in the obvious way, a T- algebra H such that H pk = H to t- 

3. The outer dual and the inner dual of a T-coalgebra 

We study how to provide a convenient notion of a dual for a finite-type T-coalge- 
bra H. The easiest way is to define a T-algebra H* , the outer dual of H. However, 
for many purposes, in particular in the construction of the quantum double of H, 
it is convenient to introduce a TH-coalgebra H* tot based on the packed form iJ* k 
of H* , the inner dual of H . 

The OUTER DUAL. Let H be a finite- type T-coalgebra. The outer dual of H is the 
T-algebra H* defined as follows. For any a G 7r, the ct-th component of H* is the 
dual coalgebra H* a of the algebra H a . The multiplication of H* is given by 

(5) (v a ,p(f, g),h) = (f® g, A Q)/3 (/i)) 

for any / G H*, g G H% and h G H a p, with a, (3 G n. The unit of H* is given by 
e € C H*. The antipode 5* of H* is given by £>* = s*_j , for any a 6 i. Finally, 
for any /3 G tt, the conjugation isomorphism ^ of if* is given by ^jj = </?^-i ■ 
The inner dual. Since (H*) p k is a Hopf algebra endowed with a group homo- 
morphism ip(H') pk : 11 — * Aut((iJ*) p k) , we can construct the TH-coalgebra based 
on (i?*) p k. We call this TH-coalgebra the inner dual of H and we denote it H* tot . 
Explicitly, H^ 1 " 1 = (i?*) p k is obtained as follows. 

• As a coalgebra, H^ 1 = QG7r H*. 

• The multiplication is obtained by (|^), extending by linearity. The unit is 
given by e* tot = e E H{ C © QG7r H*. 

• The antipode is given by sf 01 = £ Qe7r S* = £ Q£7r s*_! . 

• Finally, ^ff p * k)/3 = E/ae^-i- 
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The COOPPOSITE inner dual. Given any T-coalgebra H, then ((i?*) pk ) c ° P is the 
Hopf algebra obtained from (iJ*) p k by replacing its comultiplication with the new 
one A* = A* tot ' cop given by 

(6) (A*(f),h®k) = (f,kh) 

for any / G i/* C H* 3 and h,k £ H a , with a e jr. We also need to replace 

the antipode with the new one given by s* = S* ,cop = (S*)^ 1 . In particular, we 
have = (/, s~ 1 (/i)), for any / 6 H* and h 6 H a -i, with a e i. The 

TH-coalgebra based on ((-ff*) p k) ° P is called the coopposite inner dual of H and is 
denoted if * tot > c °p. Notice that ^ H .tot,cop ia = tpH* tat ,a — J2f3en Pp-n f° r an y a ^ n - 

4. QUASITRIANGULAR T-COALGEBRAS 

The notion of a quasitriangular Hopf algebra Q is generalized to the case of a 
T-coalgebra in p0| . A quasitriangular T-coalgebras is a T-coalgebra -ff endowed 
with a family i? = {R a ,p = £,( a ).i ® C(,3).i £ -Ha ® Hp} at p < z 7r , called universal 
R-matrix, such that i? Qj /3 is invertible for any a, (3 £ 7r and the following conditions 
are satisfied. 

• For any a, /3 G 7r and ft, G H a p, 

(7a) R a .pA atl3 (h) = (cr o (<^ Q -i ® if Q ) o A 0j8o -i i0 ) (h)R aJj . 

• For any a, /3, 7 G 7T, 

(7b) (ff a A / 3 i7 )(i? ctj/ 3 7 ) = (i?a l7 )l/33(-Ra,/3)l27, 

where, given two vector spaces P and Q over k, for any x = Pi®qi G P ®Q 
we set xi/33 = pj <g> l^g <g> and 0:127 = p r ®q r ® 1 7 . 

• For any a, (3, 7 G 7r, 

(7c) (A Qij g <8 H 1 )(R aPn ) = ((<p0 ® Hy)(Rp-i a/3jl )) lf33 (Rp tJ ) a 23, 

where, given two vector spaces P and Q, for any x — pi <B> (ft £ P ® Q we 

Set X q2 3 = la ® <B> ft. 

• i? is compatible with (p, in the sense that, for any a, 0, 7 G 7T, we have 
(7d) (<^ Q <8 ip a )(Rp n ) = R al3a -\ aia -i- 

Notice that (Hi, i?i,i) is a quasitriangular Hopf algebra in the usual sense. 
For any a, j3 G 7r, we introduce the notation £( a vj ® Gp).i = Ra.p = (R~ l )a.f3- 

Remark 4.1 (Yang-Baxter equation). It is proved in pQ ] that, for any ot,0, 7 G 7r 
we have 

(8) (i?/3, 7 )a23(-Ra,7)l/33(-Ra, p)l2f 

= (Ra,p)l2-y((H a <8 ^ / 3-i)(i? Qi/ 37 / 3-i)) 1/33 (i?/3,7) Q 23- 

This is an analog of the standard Yang-Baxter equation (see, e.g., ||). 

The mirror T-COALGEBRA. Let H = (H, R) be a quasitriangular Hopf algebra 
(with R = ® Q and = R = & <£> d ) . By replacing i? with i? = cr(R) — Ci <g> £i, 
we obtain another quasitriangular structure H = (H,R). This means that, in the 
category of representations of H, we replace the braiding cr provided by R by 
the braiding c^ 1 provided by R. When H is a T-coalgebra, the family = 

Ca.i ® £/3.i}o:,/3£7r is not a universal i?-matrix for £T. Nevertheless, it is still possible 
to generalize the definition of H in the following way (20) . 

Let H be a T-coalgebra. The T-coalgebra H , called i/ie mirror of H p(| , is 
defined as follows. 

• For any a G 7r, we set if Q = i? a -i . 
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• For any a, (3 G tt, the component A Qi| g of the comultiplication A of If is 
given by 

(9) A a ,p(h) = ((cpp ® Hp-i) o Ap-i aPi() -i)(h) G H a -x®Hf}-x = H a ®Hp, 

for any /i G Hp-i a -i — H a p. If we set /i^— j-<S> fo^y = A at p(h), then (|J) can 
be written in the form /iL-y ® /ipy = ^(^-^-1^) ® h"^ X y The counit 

of is given by e G H* = H\ . 

• For any a G tt, the a-th component of the antipode s of _ff is given by 

s Q = (p a ° 

• Finally, for any a G tt, we set ^ Q = <£>q,. 

If H is quasitriangular, then H is also quasitriangular with universal i?-matrix 
R given by 

(10) R a ,[) = (a(R p -i , a -i)) _1 e fla-i =H a ®H(i 
for any a,/3 € tt. 

If, for any a, /3 G 7r, we introduce the notation £r a ).% ® C(/3).i — -Ra./3j then we can 
write @ in thecoma ?( a) .i «> C(/3).i = C(a-i).i ® 

Notice that H — H. Notice also that, due to the definition of A, the mirror of 
a TH-coalgebra is not, in general, a TH-coalgebra. In particular, the mirror of the 
inner dual of a finite-type T-coalgebra is not a TH-coalgebra. 



5. The quantum double of a finite-type T-coalgebra 

Theorem 5.1. Let H be a finite-type T-coalgebra. There exists a unique quasi- 
triangular T-coalgebra D(H), the quantum double of H, such that the following 
conditions are satisfied. 

• The T-coalgebras H and H* tot '"° p can be embedded into D(H), i.e, there 
are two morphisms of T-coalgebras i: H — ► D(H) and j: H* tot,co ' p — » D(H) 
such that i a and j a are injective for any a G tt. 

• For any a G tt, the linear map 

(11) p a = (V~ P ®H a D a {H)®D a {H) ^ D a (H)^j 

is bijective (where D a (H) is the a-th component of D(H) and [i a is the 
multiplication in D a (H)). 

• For any a, ft G tt, the component i? Qji g of the R-matrix R of D(H) is the 
image of the canonical element of H a -i <X> ^y* tot > cop under the embedding 
j a ® if,: H***."" g, H a -i ^ D a (H) ® D P (H). 

To prove Theorem |5.l| > firstly construct a quasitriangular T-coalgebra D(H). 
Then, we will see that D(H) is a solution of the above universal problem. 

Remark 5.2. Notice that, when tt = {1}, both D(H) and D(H) coincide with the 
standard definition of the quantum double of H. The reason of the convention 
that takes the mirror of H in the above description is that we want to be coherent 
with the conventions in However, often in the standard case p\ is defined as 
fj-i o (ji (g> jx), reversing the position of i± and j%. Moreover, some authors identify 
Di(H) with the vector space £g> H . However, since on that point it seems there 
is no standard convention, here we also follows the notations in apart for the 
detail that we reversed the order of the factors in the tensor product. 
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Construction of D(H). Let H be a finite- type T-coalgebra. We realize D(H) 
as follows. 

• For any a G ir, the a-th component of D(H), denoted D a {H), is, as a 
vector space, 

H a -i <g> #***.«•"> = H a -i ® H* tot - cop = H a ® H* . 

pen 

The multiplication in D a {H) is not obtained by tensor product of alge- 
bras of H a -i and H * tot ' cop .In the sequel, given h E H a -i and F G i?* tot > oop , 
the element in D{H) corresponding to ft(g)F in D{H) will be denoted h®F. 

In view of the role played by H* tat ^° v in the construction of the quan- 
tum double, the Heynemann-Swecdler notation will be reserved for the 
comultiplication of H* iot ' cop , not of H* tot , i.e., given F G J2ae-K ^ai we set 
F'®F" = A„(F). 

Let / be in and let /i and fc be in H a , with a £ jr. By (/, h_k) we 
denote the linear functional on H a that evaluated at x G H a gives (/, /ixfc) . 
D a (H) is an algebra under the multiplication obtained by setting, for any 
h, k G -ff Q -i, / G i?*, and g G H|, with 7, <5 G 7T, 

(12) (h® f)(k®g) = h^k® f^g^s^h'^^h^^)). 

The unit of D a (H) is given by l Q -i © e. It follows that the canonical 
embeddings H a -i , H* tot ' cop <^-> D a (H) are algebra morphisms and that, for 
any /i G iJ a -i and / G we have 

(13a) (l a -i®f)(h®e) = h®f and 

(13b) (/i®e)(l Q -i ®/) =/i' ( ' a _x ) ©</, S 7 1 (^- 1) )_^(^( Q - l7 a))>- 

• The comultiplication is given by 

(14) A a ^(h®F) = (ip (h[ fi . la - 10) ) ® F') ® (h^-xj ® F"), 

for any a, /? G tt, h G H a p = Hp-i a -i, and F G ii , *Jj°'' c ° p (We recall that 
F' © F" = A*(F), see (|)). The counit is obtained by setting (e, h® f) = 
(e, ft) (/, 1 7 ), for any ft G Hi and / G H* with 7 G 7r. 

• For any a G tt, the a-th component of the antipode of D(H) is given by 

(15) s a (h®F) = (s a (h)®e) (l®s*(F)) = ((p a o s a -i)(h) ® e) (l a ®s*(F)), 

for any h G -ff Q = H a -i and F G iT* tot ' <!op , where s* is the antipode of 
ff* to '' c ° p and s Q = (f a ° s a -i is the antipode of H. 

• Finally, for any a G tt, we set 

(16) (pp(h ®f) = <pp(h) ® ^ff»tDt,cop !|3 (/) = ^(ft) ® <p*p-i (/), 

for any h G and / G H* tot ' cop , with 7 G tt. 

Theorem 5.3. D(H) is a T-coalgebra. Moreover, the multiplication in D(H) is 
uniquely defined by ( [l3| ) and the condition that the embeddings H, }j* tat ^ a p D(H) 
are T-coalgebra morphisms. 

Proof. Firstly, for any a G tt, we will show that D a {H) is an associative algebra 
with unit. Then we will show that A, defined as above, is multiplicative, i.e., that 
any is an algebra morphism. After that, we will show that e is an algebra 

morphism. Finally, we will check axioms for the antipode and that the conjugation 
isomorphisms are compatible with the multiplication. 
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Associativity. Let a be in n. The multiplication defined in ( |l2| ) is associative 
if and only if, for any h,k,l £ H a -i , p £ H%, q £ H*, and r £ H$ , with /3, 7, S £ 7r, 

(17) ((ft©p)(fe©<z))(Z©r) = (h®p)((k®q)(l®r)) 
By computing the left-hand side of (0), we obtain 

((ft®p)(*®g))(l®r)=^ 

(r, S 7 1 ( h (8- 1 ) i))-Va (^' a -i 4o) *(„-ifa) ) ) 

(by the antimultiplicativity of s and the multiplicativity of <p) 

while, by computing the right-hand side, we obtain 

(h® P )((k © g)(Z © r)) = ^-1)^-1)/ ®P^g(r J a7 1 (*(j-i ) )-Va(A , (a -i, a) )}, 

S 7 5 (^('<5- 1 7 - 1 ) ) -Pa (^(a- 1 7<5«) ) ^ 

(by the anticomultiplicativity of s and the comultiplicativity of tp) 

Unit. Let a be in ir. For any ft £ ii*- 1 and / S if™, with 7 £ 7r, we have 
(l a -i © e) (ft © /) = l Q -ift © ef = h®f 

and 

(A © /) (la © = ^-i)l a -i © /£<£, s^(h"'))(e, <p a (h')) =h®f, 
where the fact that both si and ip a commute with e. 

Multiplicativity of A. Let us prove that A Qj/3 is an algebra morphism for 
any a, (3 £ n. Since A Q ^ obviously preserves the unit, we only need to prove that, 
for any ft, fc £ Hp-i a -i , / 6 if* and g £ if*, with 7, 6 £ 7r, we have 

(18) A Qi/3 ((/i ®f)(k® g)) = A Qi/3 (ft © f)A a , p {k ® g). 

This is proved by evaluating both terms in ( |l8| ) against the general term p®x®q®y 
(p G if*_i, g G if^_i, and x,y £ H l5 ). 

Multiplicativity of e. For any ft, fc £ Hi, f £ H* and g £ Hg, with 7, 5 e 7r, 
we have 

(e, ft © /) (e, fc © /} = (e, ft) (/, 1 7 ) (e, k) (/, l a ) 

and 

(s, (ft © /)(fc © 5 )) = (e, ti'k ® f(g, 4 j 1 (^- l) )J>j j) )) 

= (e,ft") (e.feX/.L,)^,^ 1 ^-!))^)) 

= (e,fc)</,l 7 )( 5 , s ,- 1 (ft' ( ' 5 _ 1) )ft' ( , ) ) 

= (e, fc) (/, 1 7 ) ( 5 , (e, h)l s ) = (e, ft) (/, 1 7 ) (e, fc) (<?, l tf ). 
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This proves that e is multiplicative. Moreover, since e is obviously unitary, it is an 
algebra homomorphism. 

Antipode. Let ft be in Hi and let / be in H* with 7 £ n. We have 

(h®f){ a) s a -i((h ®f)'( a - 1) ) 

= (^-.(hj,,.,)) © /') ((*> a -i o fla )(ftf a) ) © e)(l a - 1 © 

= (^a-i (fc'(„-i)» a (h(a))) ® /') (la-* © **(/")) 

= (e, fc)(l a _ 1 © /')(1 © s*(/")) = (e, h)l © /'**(/") 
= (e, h)(f, l 7 )l Q -i © e — (e, ft © /)l Q -i © £ 

and 

«a-^ ((h © /)' (a -i)) (ft © f)" {a) = 8 a -i (<p a (h[ a) ) © /') (ftf Q - 1} © /") 

= (a a (JO © e) (l a © <,.(/')) (A^-xj © /") 

= (/,l 7 )( Sa (ft' (Q) ) ®e)K Q -i) ®e) = (/ ! l 7 ) Sa (ftf Q) )ft^'- 1) © (e,h')(s,h")e 
= (e,ft)(/, l 7 )l a ®£ = (s,h® f)l a ®e. 

CONJUGATION. Let us check that tp^ is an algebra isomorphism for any a, j3 £ 7T. 
Since <pjg is obviously bijective and preserve the unit, we only need to show that it 
is compatible with the multiplication, i.e., that, for any ft, A: £ H a -i, f £ H*, and 
g £ Hg, with 7, <5 £ 7r, we have 

(19) ip p {h® f)ifp{k®g) = (p p ((h® f)(k®g)). 

This is proved by evaluating both sides in ( |l9| ) against the general term p © x 
(x £ Hfasp-i and p £ H^-i^-i)- 

This concludes the proof that D(H) is a T-coalgebra. 



Embeddings. It only remains to show that Ql3|), together with the request 
that the canonical embeddings H, H* tat - co ~p <^-> D(H) are T-coalgebra morphisms, 
uniquely determinates the multiplication in D(H). Let a be in 7r. For any ft, £ 
i? Q -i , / £ ff* and g e Hg we have 

(ft©/) (fc © 5) = 



(by qi3aj)) 

- (la-* ® /) ® e) (la-i ® 3) (* ® e) 



(by (13b)) 



(la-i ® /) (h" a ~i) ® S S 1 (^- 1 ))-^( /l (a- 1 ^))>) ( fc ® £ ) 



(by (13a)) 



= (la-i ®/) (la-i ® (ff.^H^-l))-^^-!*^))) K'a-i)®e) (fc © e) 

(since the canonical embedding of both H a -i and H^ tot ' c °p m D a {H) are algebra 
morphisms) 



/(<?, ^ 1 (^- 1) )-^(ft' (Q - lfo) )) )(^' -i)A ® e) 



(again by (13a)) 
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This concludes the proof of the theorem. 

Coassociativity, compatibility between the comultiplication and the counit, com- 
patibility between the comultiplication and the conjugation, and, finally, the fact 
that ip is a group homomorphism follow by observing that D(H) has the same 
comultiplication, counit, and The omitted computations are the same needed con- 
jugation of the tensor product of T-coalgebras H © iJ* tot > c °p. □ 



QUASITRIANGULAR STRUCTURE OF THE QUANTUM DOUBLE. To prove that D (H) 

is quasitriangular, we need some preliminary results. For any a G 7r, we set n a = 
dimH a . Let (e a .i)i=i,...,n a be a basis of H a as a vector space and let (e a ' l )i=i,...,n a 
be the dual basis of (e a .i)i=i,...,n a - We set 

(20) R aJj = e a -i A ® e <g> lp-i © e a ~ Kl G D a (H) © D fi {H) 
and Ra.p = s a (e aA ) © e © © e°" % ■ 

Lemma 5.4. For any a, (3 G 7r, &o£ft i?o,,/3 and i? Q ,/3 are independent of the choice 
of the bases. Moreover, R a ,p is the inverse of R a ,0 in the algebra D a (H)® Dp(H). 

Proof. Let € a .p(H) be the subspace of D a {H) © Dp(H) generated by the elements 
ft©£© lp-i ©F with h G if Q -i and F £ H* tot ' oov . Clearly, € a< p(H) is a subalgebra 
of D a (H) © Dp{H). Moreover, we have an equivalence of algebras Conv Q -i (H) — > 
£ a , (H): ft. © F i-> (ft, © e) © (lg-i © F), for any ft, G ff Q -i and F G H* tot > a °". 
In particular, i? QiJ g is the image of the identity morphism en-i.j © e Q 1 of il a -i 
under this isomorphism. Since the a-th component of the antipode s of H is the 
inverse, in the algebra Conv a -i (H), of e a -i A © e a also R a ,p is invertible. Since 
s a can be represented as s(e a .i) © e a i and i? Qj /3 is the image of s Q under the above 
isomorphism, we conclude that R a ,p is the inverse of R a ,/3- D 

Remark 5.5. Let ft be in if Q , with a G 7r, and suppose «ia2 • • • a n = a for certain 
ai, a2 . . . , a n G 7r. By observing that h = h l e a ,i — (e a j , h)e a ,i and by the linearity 
of A we have 

(21) h{ ai) © ft' ( ' a2) ■ • • © ft'^j = (e^ftH^U) © (e Q ,)' ( ' Q2) ® -® (ea.i)'^)- 



Theorem 5.6. D(H) is quasitriangular with universal R-matrix given by (|2C|) for 

any a, (3 G 7r. 



Proof. R at p is well defined and invertible by Lemma 5.4. We still need to check the 
four relations (j7|). 

Relation J7a|). Let a, ft, and 7 be 7r. Given ft, G Hp-i a -i and / G H*, we have 

R a ,pA a , p (h © /) = ((e Q _ M © e) © (1,3-1 © e Q " 1 )) (( W (^-i a -i W ) © /') © (h'fa-t) © /")) 

= (ea-i.i)'^-!)^^-!^))® 

®(/', S - 1 ((e a -, 1 )[;- 1) )^ Q ((e a -, ! )' (Q -i 7Q) ))®^- 1 )®e a "-7". 



Since the action of 



(<j o (<^ Q © D a (H)) o A a/9ct -i )a ) (-) on ft, © / is given by 



ft.® / 1 ' > ^(ft'^-i)) © /' © ft'^-i) © /" > 
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we have 

ao{tp a © D a (H)) o A 

Relation (T7a) is proved by observing that evaluating the two expressions above 



against the tensor H a -i © H* © Hp-i © (•,£) (for a generic a; G H a -i^) we found 
the same result. 

Relation (|7H). For any a,J3,j G n, we have 

f (-R a , 7 )i/33 = (e a -i.i © e) © (l/3-i © e) © (l 7 -i © e a ~ Ki ) 
\ (-Ra,/3)i2 7 = (e a -i.j © e) © (l r i © e"" 1 -') © (l 7 -i © e) 

and so we have (R a ,-y)i/33(R a , 0)127 = ^-^i^-'.j ©£© lg-i ie Q 1,J ©l 7 -i ©e a •*. 
Since R a ^j = e a -i ti © £ l(^ 7 )-i © e a we have (D a (H) © A i a i7 )(i? Q;/37 ) = 
e Q -i.i © e © © (e Q © l 7 -i © (e a •*)". So, we only need to prove 

(22) e^i^a-ij © e Q-1 - J ' © e""^ = e a -i A © (e " 1 -')' © (e 01-1 -*)". 

If we evaluate both sides of ( p2| ) against the tensor / © © -ff^-i (f° r a generic 
/ G then, by (pi]), we found the same result. 

Relation (|7q). Let a, /3, and 7 be in 7r. Observing that Rp-iap,^ = e /3- 1 a-' L 0.i® 
£©l 7 -i©e^ " we obtain 

((^©^(iJ"))^-!^)^ a = ^ / 3(e / 3-i ct -i / 3. l )©£© l/3-i ©£©l 7 -i©e /3_lQ_1/3 - i . 

Observing that (Rp n ) a 2z = la- 1 © £ © e^-i.i © £ © l 7 -i © eP we obtain 
((<P/3© D(H) y ) (i?/3-i Q/ 3, 7 )) i 3 (-R/3, 7 ) Q 23 = <Pp(ep-i a -ip.i) © £ ® e^-l.j © £ © l 7 -i © 

e /3 ~ lQ ~ 1/3 - l e /3 ~ 1 ' : ''. Finally, observing that R a p tl = e^pyi^ ©£© l 7 -i © e^' 1 A , we 
obtain (A a , © D 7 (H))(R a p !7 ) = fp({e( a p)-i.i){p-i a -ip)) © £ ® (e( a /9)-i.i)(/3-i) © 
£© l 7 -i ©e^)" 1 -*. So, to prove (|7c|), we only need to show the equality 

ep-ia-ipjaep-ij ©e' 3 " lQ " 1/3 - I e /3 " 1 - J 

(23) 

= (e(a/3)-i. 4 )'(/3-i a /3) ® (e(a/3)-M)0J-i) ® ^ 

If we evaluate both sides of ( p3| ) against the tensor Hp-i a -ip © if/3-1 © (•, ar) (for 
a generic a; G Hp-i a -i), then by ( pl| ) we found the same result. 



Relation (7d). Given a, /3, 7 G tt, we have {(p 1 ®Lp 1 ){R a ^) = (¥> 7 ©</? 7 )(e a -i.j© 
£©l / 3-i©e Q '*) = (^ 7 (e Q .i)©£©l/3-i©(/J 7 (e Q Now, y> 7 is a linear isomorphism, 
so (^ 7 (e a -i.i)) !=1; ^ n is a basis of H ja -i 7 -i, and (<^ 7 -i ( eQ ' , )) i=1 ,... i „ Q is its dual 
basis. So, by Lemma ^J, i? 7Ct7 -i i7 /3 7 -i = (tpy © ip 7 )(R a p). 

This concludes the proof of the theorem. □ 



Proof of Theorem 5.1. We need a preliminary lemma. 



Lemma 5.7. Lef T be any quasitriangular T-coalgebra with R-matrix R. For any 
a, (3 G 7r and any 2; G T Q we have 

(24) s^ 1 (ar^_ 1) )^). i a: / Ga) © ^p-i a p)x" - la ^ = kfiU ® ^-^Kcs- 1 ^)- 
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Proof. By @, we have €(p).ix'(p) ® C(/3-ia/3).^'/3-i a 0) ® x"'p-i) = afp- 1 )^)-* ® 
( / 3 l 9- 1 ( a; ( a! ))C(^- 1 a/3).i ® If, on both sides, we apply !> © T^-i^ s^ 1 and 

exchange the first and the third factors, then we obtain s^ 1 (x" / ^_i^) ® £(/3).i x '(/3) ® 
C(/3-ia^).^^-i affl = s^ 1 ^-!))®^).^^)^®^- 1 ^))^-!^).*- Applying ^© 
Tp-i a p on both sides, and observing that si (x^_ i ^)a;"^®(/? | g-i(a;^ a ^) = e{x'^)lf}® 
V^- 1 ^)) = !/8 ® <Pp-i(x), we obtain @. □ 



Proof of Theorem 5.1. By Theorem 5.6, the T-coalgebra D(H) defined as in The- 
orem 5.3 satisfies the three conditions of Theorem 5.1. We still have to check that 



these three conditions determinate the T-coalgebra structure on D(H), i.e., that 
the multiplication and the comultiplication we gave in the definition of D(H) are 



uniquely defined by the requirements of Theorem 5.1 



Product. Suppose that D{H) satisfies the three conditions in Theorem 5.1 



Let us check, that, given a € 7r, the multiplication on D a = H a -i © H* tot ^°p 
must satisfy the relations (|l3|). Let p a be defined as in (pd|). The bijectivity of 
p a implies (13a). Let ft be in H a and let / S H* C tj** *' ^ w ith 7 S tt. By 
Lemma E4, we have 



(25) 



y ii ((ft ® £)'(")) (e 7 .i © e) (ft © ej'^-ij <g> (l 7a -i 7 - 
= (e 7 .i © e) © ¥> 7 (/i © e) (l 7a7 -i © e 7 ' 1 ). 



3 7/i )(ft©^" 



(7Q7 !) 



By observing that h'- — — © h¥- 



if 



(7 !) (707 1) (7) 

we compute the left-hand side in (J2^), then we obtain 

V 1 ! ((ft © e)' ( ' 7) ) (e 7 ., © e) (ft © e)'^ © (l 7a -i 7 -i © e 7 ' 4 ) (ft © e)" 7Q7 -i) 

= ((V7- 1 s 7) -1 (ft(7-i)) ® £ ) ( e 7-* ® £ ) (^a(/j(a-i 70 )) ® e )® 

© (l 7Q -i 7 -i © e 7 ' 1 ) (^(ft'^-x)) © e) 

= ((V7 OS ; 1 )( /l (7- 1 )) e 7-^7a(^( Q -i7a))®£) ® (<Pl ( h { a - 1 ) ) ® e 7 ") , 

where, in the last passage, we used both the fact that the immersion of H in D(H) 
is a morphism of T-coalgebras and ( 13a ). So, if we apply <p~-i ®ip~-i on both sides 
of (|25|), then we get 



(26) ( S7 1 (/ l / ( / 7 - I) )e 7 .^ a (ft / (a - l7a) ) ® e) © (ft' ( ' Q) ® e 7 ' 4 ) 



(e 7 .i © e) © (ft © e)(l Q -i 



If we evaluate both terms of (26) against (/© li, _) ®D a {H), then on the left-hand 
side we get (/, s 7 1 e 7 .^ Q (ft' (ct _ l7Q) ))ft' ( ' Q) ©e 7 ' 1 = ft" a) ©(/, s" 1 -^(/i' (a _, 7a) )) , while 
on the right-hand side we get (/, e 7 .i)(ft © e) (l a -i © e 7 ' 1 ) = (ft © e) (l a -i © /). 

Comultiplication. Let us check that the comultiplication on D(H) is also 
unique. Given a, j3, 7 € tt, ft € and / £ if*, we have 



A Q ,/3(ft © /) = A 0) ^((l a -i © /) (ft © e)) 

(la-i ® /') ®e)<E> (l a -i ® /") (ft^y ® e) 



□ 

Remark 5.8. The quantum double of a Hopf algebra can be obtained also via the 
Majid bicrossproduct M. This is true also in the crossed case (E5J. Recently, 
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Vainerman [ pl| constructed some examples of nontrivial T-coalgebras with non- 
isomorphic components. These examples can also be interpreted — and, eventually, 
enlarged — as bicrossproducts of T-coalgebras. 

Remark 5.9. Street [l^] has proved that, starting from any (not necessarily finite- 
dimensional) Hopf algebra -ff, it is possible to construct, via Tannaka Theory, a 
coquasitriangular Hopf algebra D*(H) such that, when H is finite-dimensional, 
D*{H) = (D(H))*. Tannaka Theory for T-algebr as was developed by the author 
in p6[ w here, contextually, it is provided an analog for the co-double construc- 
tion [|12| in the case of a T-algebra. 

6. Ribbon T-coalgebras 

The notion of a ribbon Hopf algebra |L3| is generalized to the case of a T-coal- 
gebra in Q . 

Drinfeld elements. Following we set u a = (s a -i o (p a )((( a -i).i)£,( a ).i and 
u = {u a } aeiT . The u a are called Drinfeld elements of H. When n — {1}, we recover 
the usual definition of Drinfeld element of a quasitriangular Hopf algebra. 

The following properties of u are proved in [^2| . Let a and (3 be in tt and let h 
be in H a . 

(27a) ui = si(C(i).i)£(i).i. 

(27b) u a is invertible with inverse u„ ] = s^ 1 (^(a- 1 ) .i^£,(a) a- Moreover we have 

««' = Oa 1 ° S~-l){C,( a )j)£,(a).i == £( a )_.i(s a -l O Sa)((( a ).i)- 
(27c) {u a f})[ a) ® (t*^)'^) = C(Q).»C(a).i«Q ® Cw.iVa-i^a/Sa-^.jW- 

(27d) e(ui) = 1. 

(27e) s a -i(u a -i)!i a = !i a s a -i(u a -i). 

(27/) <Pp(u a ) = Upap-i. 

(27 g) (s a -i o s a o (p a )(h) = Uahu' 1 . 

(27 h) u a s a -i (u a -i)h — (p a 2 (h)u a s a -i (u a -i). 

Notice that, by ( p7^ ), we have (s a -i o s a )(h) = y Q -i (w Q )v? Q -i (h)cp a -i (u~ *) = 
lia^a-if/ijii" 1 . In particular, for h ~ u a we obtain 

(27i) (vi°St.)W = v 

Definition of a ribbon T-coalgebra (first version) . Let H be a quasitri- 
angular T-coalgebra. According to po| , we say that H is a ribbon T-coalgebra if 
it is endowed with a family 9 = {0 a \9 a £ i? Q } ae7r , the £wis£, such that 6* Q is invert- 
ible for any a £ tt and the following conditions are satisfied for any a, (3 £ tt and 
he H a . 

(28a) <p a (h) =8~ 1 h6 a . 
(28b) s a (6 a ) = a -i. 

(28c) (0 a p)( a -) <S> {O a p)'[p) = Qot((a).i£(a).j ® ^Wq- 1 (^(e»^c«-i).i)C(/3).j ■ 
(28d) p / j(fl Q ) = W- 1 - 

Notice that (ffi, 0i) is a ribbon Hopf algebra in the usual sense. 

If H = (H, R, 8) is a ribbon T-coalgebra, then, for any a £ tt, we obtain the 
following properties. 

(29a) <p a -i(h) = 0O./10- 1 for any ft, £ H a (this follows by|28^). 
(296) e(0i) = 1 (this is because f/i is a ribbon Hopf algebra). 
(29c) Q\ is central (by the same reason). 



(29d) 9 a ip a (h) — h9 a for any h £ H a (this follows by \28a\ ) 

Moreover, it is proved in [E2| that we have 

(29e) 8 a u a = u a 9 a and 

(29/) 9~ 2 = s a -i(u a -i)u a = u a s a -i(u a -i). 
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If for any a, [3 £ 7r, we introduce the notation 
(30a) Q a .j3 = (<to(<£) q _i ® H a ))(R a p a -i^)R a ^ 



Q(a)A{a).j ® i Pa- 1 (^(a(3a- 1 ).i)C(P).], 



then fl28q ) can be written in the form (9 a p)'( a )®(0ap)"p) = (^a®^)Qa^- Moreover, 

if we set Q Qj/3 = = £( a ).i<s{a).j ® C(j3).i<P*-i (£(a/3a-i).j), we can rewrite ( p7c| ) in 
the form 

(30b) (v)'(a) ® ( w a/3)(',3) = Qa,p(u a ® U/j). 

We observe that the conjugation preserves Q, i.e., that, for any a, /?, 7 £ 7r, we have 

(Va ® V 5 a)(Q/3, 7 ) = Qaf3a- 1 ,a- l a- 1 - 

Definition of a ribbon T-coalgebra (second version). We can define a rib- 
bon T-coalgebra in an equivalent way as a quasitriangular T-coalgebra H endowed 
with a family v = {v a \v a £ H a } ae7r satisfying the following conditions. 

(31a) hv a — v a ip a -i (h) for any h £ H a . 

(316) vl=u a s a -i(u a -i). 

(31c) {v a p)[ a) ® {v a p)'lp) = Q a ,p(v a (g) Vp). 

(31 d) s a (v a ) = v a -i. 

(31 e) <pp(v a ) = vp a p-i. 

The proof of the equivalence of the two definitions can be easily obtained by 
modifying the analogous easy proof for Hopf algebras. 

7. The quantum double of a semisimple T-coalgebra 

The quantum double of a semisimple Hopf algebra over a field of characteristic 
zero is both semisimple and modular (see py) . We start this section by recalling 
the definition of a semisimple T-coalgebra p^|, a modular Hopf algebra |l4[ , and 
a modular T-coalgebra J2(], ^|. After that, given any totally-finite T-coalgebra H, 
we discuss the relation between D(H) and the quantum double of H p ^. Finally, 
we discuss the semisimplicity and the modularity of the quantum double D(H) of 
a semisimple T-coalgebra H over a field of characteristic zero. In particular, we 
prove that D(H) is semisimple if and only if H is totally-finite. Moreover, when H 
is totally-finite, D(H) is also modular. 

Basic definitions. Let if be a T-coalgebra. We say that H is semisimple when 
any algebra H a (with a E tt) is semisimple. It is proved in [22| that H is semisimple 
if and only if Hi is semisimple. Further, by [p"8[ , infinite-dimensional Hopf algebras 
over a field are never semisimple. It follows that a necessary condition for H to be 
semisimple is that Hi is finite-dimensional. 

Let Hi = (H\.Ri = (g> Ci.i>#i) be a ribbon Hopf algebra. Given a finite- 
dimensional representation V of Hi , and a -ff-linear endomorphism / : V — * V , the 
quantum trace trq(/) of f is defined as trq(/) = tr(ui0i/), where u\ = si((i.i)£i.i 
and tr(-) is the usual trace of cndomorphisms. V is said to be negligible when 
trq(Idy) = 0. 

A modular Hopf algebra Hi is a ribbon Hopf algebra endowed with a finite family 
of simple finite-dimensional _ffi-modules {Vi}jgj satisfying the following conditions. 

• There exists £ J such that Vb = k (with the structure of ifi-module given 
by the comultiplication) . 

• For any is/, there exists i* E I such that Vv is isomorphic to V*. 

• For any j, k £ 7, the 7/i-module Vj ® Vfe is isomorphic to a finite sum 
of certain elements of {Vi}i^i, possibly with repetitions, and a negligible 
-f/i-module. 
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• Let (Sij)i^£i denote the square matrix whose entry Sij is the quantum 
trace of the endomorphism x i— > Ci.fc£i.; ® Cl-feCi.i 35 01 ^ ® K?'* ■ Then S[H] 
is invertible. 

A modular T-coalgebra |2C[| is a ribbon T-coalgebra H such that its component 
H\ is a modular Hopf algebra. 

Theorem 7.1. The quantum double D{H) of a T-coalgebra H over a field of 
characteristic is semisimple if and only if H is totally-finite, and, in that case, 
D(H) is also modular. 



To prove Theorem 7.1 we firstly need to discuss how the quantum double of a 
totally-finite T-coalgebra H and the quantum double of the packed form of H are 
related. 

The structure of a totally finite T-coalgebra. When H is a totally-finite 
T-coalgebra, the Hopf algebra i/* tot = (H*) p k is the dual of a certain Hopf algebra 
-f/pk- An easy computation shows that H p ^ satisfies the following conditions. 

• As an algebra, H pk = Qe?r H a . 

• The comultiplication A p k is obtained setting A p k = ^2p~. ,3 7=a A/3 j7 (/i), 
for any h £ H a C H pk . 

• The counit e p k is given by e P k| Hl = e and £ P k| ff = 0, for any a € 7T, a ^ 1. 

• The antipode is given by s p k = J2aen Sq - 

Moreover, we have a group homomorphism ^ p k: tt -Aut(iJ p k) : a i— > ipg. 

Conversely, let H to t be a finite-dimensional Hopf algebra (with antipode Stot, 
counit s and comultiplication A to t), endowed with a family of subcoalgebras {H a } a ^ 
and a group homomorphism <^tot- T ~- > Aut(iJ to t): ot i— > ^tot,a 5 such that the fol- 
lowing conditions hold. 

• i?tot is, as an algebra, the product H a (a G jr). 

• For any a £ tt, we have A tot (H a ) C 0^ s t 01=a (Hp ® ff 7 )- 

• For any a 6 7r \ {1}, H a C Kere. 

• For any a £ tt, s tot (H a ) = H a -i. 

• For any a, (3 € tt, the image of H a under y>tot,/3 lies in Ha a a-i. 

To Htot corresponds, in the obvious way, a T-coalgebra H such that H pk = H to t- 
In particular, for any a, (3 € 7r, the component A a ^: H a p — > i?^ of the 

comultiplication is given by iJ Q/ 3 H to t Atot > i?tot ® -Htot p ° 0p<3 > ff a ff^ ; where 
p Q and pp are the canonical projections of H to t on if a and, respectively, Hp. 
The quantum double of a totally-finite T-coalgebra. Let H be a totally- 
finite T-coalgebra. We have seen that D(H) is totally finite. We can construct in 
the usual way the quantum double Z?(i/ p k) of H p k. Neither as an algebra nor as a 
coalgebra D(H pk ) is isomorphic to [D(H)j k since neither the multiplication nor 
the comultiplication of _D(i/ p k) depend on the conjugation. 

Now, the canonical embedding of vector spaces Hi (g> 7j* tot ' cop @ Q£7r H a (g> 
ffj'° t,cop provides an embedding of Hopf algebras of Di(H) D(i/ p k), so we can 
identify Di(H) with its image in D(H p y). Moreover, even if the universal i?-matrix 
#1,1 = (ei.i®£)®(l®e 1- *) of Di(H) and the universal i?-matrix i? p k = Sqsu- #«>« 
of D(.ff p k) are different, for any x € Hi® H* we have 

(32) a;i? P k = £-Ri,i and i? p k^ = Ri,ix. 

Factorizable T-COALGEBRAS. We recall that a finite dimensional quasitriangular 
Hopf algebra H with universal i?-matrix R = £j (g> ^ is factorizable (see ) if the 
map A: if* — > H : f (/, Ci£j)£iG' is bijective. In particular, the quantum double 
of any finite-dimensional Hopf algebra is factorizable. It is proved in [jll| that any 
factorizable Hopf algebra is unimodular. 
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Lemma 7.2. Let H be a finite-type T-coalgebra. The Hopf algebra (Di(H), £m.i <S> 
C(i).i) * s factorizable. 

Proof. We can identify D\ (H) as a subspace of D(i? p k) and (Di (H)) * as a subspace 
of (D(H pk ))*. We only need to check that X Dl{H ) = A D(ff pk ) I ( Dl(ff) ) * • Let R = 
£i ® C« be the universal i?-matrix of D(if p k). For any / G [Di{H]) we have 

Az)(H pk )(/) = (/, Ci£i)&G = (/, C(l).i€(l).j)€(l).iC(l).j = ^Di(H){f)- 

a 

The quantum double of a semisimple T-coalgebra. Let us consider the case 
of a semisimple T-coalgebra _ff over a field k of characteristic zero. It was proved 
in [^U that, for any a 6 tt, 

(33) s Q -i os a = Idfl- Q . 

Lemma 7.3. J/ iJ is quasitriangular, then it is also ribbon by setting 9 a = u~ , 
for any a G n. 



iom |31rf| follows by (|27/D . Axiom 31 e can be rewritten 



Proof. Axiom Eld follows by (27$) and (B3J). Axiom 31c follows by (BOH). Ax- 



(34) s a -i(u Q -i) = u a -i. 

This follow by |2^, Theorem 6(b)], by observing that, in that formula, g a = l a 
(by H Corollary 7]) tp(a) = 1 (by g Theorem 7]), and /i a = 1 Q (by g 
Lemma 16], since the distinguished group-like element of is equal to e because 
H * is semisimple by (j ) . Finally axiom |315| follows by (Q) . □ 



Proof of Theorem 7.1. If H is not totally-finite, Di(H) is not finite-dimensional 
and so it is not semisimple. 

Suppose that H is totally-finite. H a is semisimple for any a £ 7r, therefore i/ p k 
is semisimple. It follows that D(H p y i ) is semisimple (see Since D\{H) can be 

identified with a subalgebra of D(H p ] t ), also Di(H) is semisimple, hence D(H) is 



semisimple. By Lemma 7.3, D(H) has a natural structure of a ribbon T-coalgebra. 

The rest of the proof follows the streamline of the proof of Lemma 1.1 in || 
to which wc refer for further details. Let C(Di(fT)) C (Di(ff))* be the ring of 



characters of Di(H) and let Z(Di(H)) be the center of Di(H). By Lemma 7.2, 
the restriction A = M C (^ D '■ ^ C^i (if)) ~~ * ^O^iC^O) ^ s an isomorphism of 

algebras. Let Irr(Z?i(i7)) = {V^|0 < « < m} be a set of representatives for the 
isomorphism classes of the irreducible representations of D(Hi) such that Vq = k. 
Then B — — tr|y., : < j < m} is a linear basis of C (Z?(iJi)) . We also observe 
that the set C — {ej : < j < m} of central primitive idempotents of Di(H) is a 
basis of Z(D(Hi)) . Now, S[Di(H)] = DA, where A is the invertible matrix which 
represents A with respect to the bases B and C, while D = diag(dimV^). □ 



8. The ribbon extension of a quasitriangular T-coalgebra 

Let H be any quasitriangular T-coalgebra (not necessarily of finite- type) . We 
describe how to obtain a ribbon T-coalgebra RT(iJ) such that, when tt = {1}, we 
recover the construction described in ]l3| . 
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Definition of RT(iJ). The ribbon extension RT{H) of a quasitriangular T-coal- 
gebra H is the T-coalgebra defined as follows. 

• For any a £ f , the a-th component of RT{H), denoted RT a (H), is the 
vector space whose elements are formal expressions h + kv a , with h,k G H a . 
The sum is given by (ft + kv a ) + (ft' + k'v a ) = (ft + ft') + (k + k')v ai for 
any h,h',k,k' £ H a . The multiplication is obtained by requiring v\ = 
u a s a -i (u a -i), i.e., by setting, for any ft, ft' , k, k' £ H a , 

(ft + kv a ) (ft' + k'v a ) = (hh! + kip a (k')u a s a -i (u Q -i)) + (hk' + k(p a (k')^v a . 

We identify H a with the subset {ft + Qv a \h £ H a } of RT a (H) . The 
algebra RT a {H) is unitary with unit 1 Q = 1 Q + 0v a . Moreover, for any 
a, (3 G 7T, we have R a ^ £ H a ®H f j c RT a (H) ® RTp(H). 

• The comultiplication is given by 

A a ,p(h + kvap) = A at/3 (h) + A a ,p{k)Q a ,i3{v a ® up), 

for any ft,, fc G -ff Q and a, /3 G 7T. The counit is given by (e, ft + /cu a ) 
, . ft) + (e, k), for any ft, fe G Hi. 

• The antipode is given by s a {h + kv a ) = s a (h) + (s a o <^ a -i)(fe)u a -i , for any 
ft, G i?o, and a G 7r. 

• Finally, the conjugation is given by ipp(h + kv a ) — <pp{h) + (pp(k)vp a p-i , 
for any ft, /c G and a, /3 G ir. 

Theorem 8.1. KT(H) is a ribbon T-coalgebra. 



Proof. Since computations involved to prove in detail Theorem 3T are relatively 
long, we only prove the coassociativity of A, while the rest is left to the reader. To 
prove the multiplicativity of A you need to check before the relation 

A Q , /3 (u ct/ 3S( ct/ 3)-l(U( Q/ 3)-l)) = Qa.fiWa <8 (pp){Q a .,f))u a S a -l{u a -l) ® UpS p-l(up-l) . 

(for any a, (3 G tt). To prove that Srt(_?/) is an antipode, one first needs to show 
that it is antimultiplicative. 

Coassociativity. We need to check that, for any ft, k £ H a/3ll with a, /3, 7 G n, 
we have 

(35) ((Ac/s <8> KT 7 (ff)) o A a/ 3 !7 )(ft + fcu a/37 ) 

= ((RT a (H)®A i9 , 7 )oA a , i 8 7 )(ft + fa; ai 8 7 ). 

By the linearity and the multiplicativity of the comultiplication in RT(iJ) and the 
coassociativity of the comultiplication in H, by computing the left-hand side of (|3^), 
we obtain ((A a>/3 ® RT 7 (i?)) o A a/3:7 )(ft + /cw Q/37 ) = ft' (a) ® h" m ® h'fa + (k' [a) <8 

fe^) <8 fc/"0((A ct) y3 ® KTj(H)) o A Q/ 3 :7 )(w a/ 3 7 ), while, by computing the right-hand, 
side we obtain ((RT a (H)®A f 3. J )oA a ^ 1 )(h + kv a[ 3~ ( ) = h'^ <8 h"^ <8 h"\ + (fc/ Q x <8 
fe/'^x ® fc^)((RT a (lf) ® A^ j7 ) o A Qj/ 3 7 )(w q/ 3 7 ), so we only need to check that we 
have 

(36) ((A Ql/9 (8 RT 7 (if)) o A a ^, 7 )(u^ 7 ) = ((RT a (#) ® A^, 7 ) o A a ^ 7 )(v a ^ 7 ). 

By computing the left-hand side of (|36|), we get ((A Q , ) y3®RT 7 (i?))oA Q , | a )7 )(i; Q , i g 7 ) = 
((A Q]| a -ff 7 )(Q a /3, 7 ))(Qo!,/3)i2 7 (wa ®t)/3®D 7 ), while, by computing the right-hand 
side, ((RT a (H) ® A^) o A Qj(37 ) (u a/ 3 7 ) = ((-ff Q <8> A^ )7 )(Q a)J g 7 )) (Q/3, 7 ) Q2 3(wa ® 
vp 18 u 7 ). We only need to show that ((A tt)J a <8 fl 7 )(<9 Q| a, 7 )) (Q a>l a)i2 7 = ® 
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A/3, 7 )(Q a ,/3 7 ))(Q/3 :7 ) a 23, or, equivalently, 

((CTO {Hp 8> Wa)){Rp,a)) 12 (Ra,l3)l2Y 

■ ((A Q ,/3 H y ) oao {Hj Lp a p)){R 1 , a p){A a ,p H~,){R a p a ) 

(<7 o (if 7 <p /3 ))(i? 7 ^) (i?/3, 7 )a23- 
v / a23 

((if a A/j^) oao (iJ^ g) <p a )){Rp^ a ){H a A /3;7 )( J R ct ^ 7 ). 



Let us set a; = ( ((co^-i ®H a )o A a p a -i iCt ) 0i? 7 j oero (iJ 7 0^ Q/3 )j (i? 7jQ/ g), and 
t/= r^ a <gi(CTo(^-i(8)if^)oA^-i^)joCTo(F^ 7 (g)^ a )Vi2^ T!a ). Since, by @, 

(-Ra, l s)l2 7 ((A a!i g(8H' 7 )oc7o(iZ 7 (g)(/3 Q , i g))(ii 7iQ , /3 ) = a;(i? Qi/3 )i2 7 and (.R/3, 7 )a23 ((#a 

A.g 7 ) o tr o (-ff/3 7 y>g)) (Rp-y.a) = y(R/3,-y)a23, if we substitute these expressions 
in ( p7|) and we apply axiom ( |7q) 



and we apply axiom (|7cJ) to the left-hand side and axiom ( |7b| ) to the right 
hand side, we find that ( |37| ) can be rewritten as 



{oo{H{3 ^c))^^)]^ ar(i? a , i/ a) 1 2 7 ((if C( <y3/3-i)(^Q,/3Q/3- 1 ))i /33 (^/3,7)a23 

= I (c O {H 1 ipp)){R 7 ,p) j y(-R/3, 7 )a23(-R/3,7)a23(-Ra, 7 )l/33(-Ra,/3)l2 7 - 
V / ck23 

Thus, by the Yang-Baxter equation (^), we can rewrite (^7|) as 

(38) (<r°{Hp®(p a )){Rp <a )) x= ((ao{H 1 ®ipp)){Ry,p)) y. 

\ / 12 7 \ / a23 

Given three vector spaces V\, V2, and V3, let us introduce the notation <Ji.j,k 
(with k} = {1, 2, 3}) for the permutation Vi®V 2 ® V 3 -> V* V, V k . 



If we compute the two factors on the left-hand side in (38), then we have 



(cro{Hp ip a )){Rp ta )) = ({a H y ) o 02,3,1 o (if 7 if^ <A*))(0R/3,cO 7 23) 
V / 127 

= (((7 i? 7 ) O cr 2i3a o (ifg <g)ipp(g) ip af3 )) {{Rp^-tap)^?) , 

(where in the last passage we used axiom ([7d|)) and 

= (j K ( (J ° (Va- 1 ® {fap VWi)) ® # 7 ) o <7 2 ,3,1 ° (#7 ® Aa^-i^)^ O&y.a/j) 

= (((T ® i? 7 ) o CT 2 , 3) 1 o (ffy 0(^0 p a/9 )) ((i? 7 ^-i a/3 )l / 33(^ 7 ,/3)l2(/3- 1 a / 3)), 

(where, in the last passage, we used axiom (|fb|)). Similarly, on the right-hand side 
we have 



(ao{H 7 ®tpp)) {Rj,p) = ({H a ®a)oa 3 , lt 2°(H~ / ®tpp®tp a p)) ((R 7 ,p)i2(p-i a p)) 

* / a23 
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and 



V = ((H a ® a) o (ip a ® ((<pp-i <g> ify) o Ap y/3 -i t p) ) o cr^ (-R/3 7 , a ) 

8» <7) o (<£ a/3 (g>H~f(g> tpp) o (<^g-i (g (A 7i/3 o (ftg-i)) o crj (Rpj.a) 

(by axiom (7d)) 

= ® cr) o (<p Q/3 (g ff 7 (g) 1^3) o (Hp-i ap <g A 7i/ a) o cr) (R^p^p-x) 

= ((H a ® cr) o (<p Q/3 (g) if 7 (g> W ) o 0-3,1,2 (A T ,/3 ® Hp-x a p)) (Rfpjap- 1 ) 

= ((H a <g> cr) o cr 34 2 o (if 7 (g) ^ (g p a/3 )) (((il 7 (g ^-l)^,,,))^^,^!^)^) 

(where in the last passage we used axiom (|fc})). 

We observe that the application (H a (g cr) o 0-3,1,2 ° (_ff Q (g ^ ® <^a/3) is bijective. 
So, we can rewrite (p8[) in the form 



(-R^,/3- 1 a/3)723(-R 7 ,,3- 1 Q/3)l/33(-R7,/3)l2(/3- 1 Q/3) 

= {R~(,p)l2(p- 1 ap){{H~ l ® Vp- 1 )^!^)) 1 p 3 {Rp,p- 1 a p)j23 

and this last formula is true by the Yang-Baxter equation 

□ 

Corollary 8.2. Let H be a finite-type T-coalgebra. We obtain a ribbon T-coalgebra 
RT (£>(#)). 
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